Abstract -In this work, we give a bound on performance of any full-diversity lattice constellation constructed from algebraic number fields. We show that most of the already available constructions are almost optimal in the sense that any further improvement of the minimum product distance would lead to a negligeable coding gain.
Lattice constellations with high modulation diversity have been extensively studied as an alternative approach for transmission over the Rayleigh fading channel. The original idea was to introduce bandwidth efficient modulations with intrinsic diversity order and good minimum product distance to achieve substantial coding gains.
In [2, 3, 1] , it is shown that lattice constellations constructed using algebraic number theory provide the desired properties. The first examples using totally real algebraic number fields, yielding full-diversity, were given in [2] . Initially, no restriction on the shape of the lattice constellation was imposed, which resulted in either a complex bit labelling procedure or loss in the average energy. Further investigations were addressed to finding rotated Z n -lattices to avoid the above problems [5, 4] . In [1] , several families of full-diversity rotated n-dimensional Z n -lattices from totally real algebraic number fields were given and analyzed for all dimensions.
The contribution of this work is to give a bound on the minimum product distance of any lattice constellation constructed from algebraic number fields. With the aid of this bound we are able to establish the ultimate coding gains achievable by such constellations. We show that most of the already available ones, constructed from totally real number fields, are within a few tenths of dB from the lower bound.
In the case of full diversity, the asymptotic coding gain of an n-dimensional lattice constellation Λ is determined by the minimum product distance, [3] : dp,min(Λ) = min
For high SNR, optimal lattice constellations achieve the maximum minimum product distance. In [1] , it is shown that dp,min = 1/ √ dK , where dK is the discriminant of the number field K over which we construct the algebraic lattice. Thus, maximizing dp,min is obviously equivalent to minimizing the field discriminant dK .
A lower bound on the discriminant of number fields is given by Odlyzko [6] . The explicit computation of the lower bound is hard. Numerical tables for n ≤ 100 are available for example in PARI [8] . Asymptotically, we have the following :
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where C = 0.577215... is Euler's constant. We compare the dp,min of all best known constructions [1, 7] with Odlyzko's bound. The worst cases below dimension 30 appear for n = 7, 13, 17, 19 and 25, where the discriminant seems to be "far" from the bound.
Recall that the asymptotic coding gain ( [3] ) is given by: γ = 10 log 10 dp,min(1) dp,min(2)
where dp,min(i), i = 1, 2 are the minimum product distances of two rotated lattice constellations with the same full diversity. We compute the coding gain obtained using a number field whose discriminant would reach Odlyzko's bound relatively to the worst case constructions (see Table) . We observe that the maximal gain would be at most 0.25 dB. Hence, further improvement of the minimum product distance would lead to a negligeable coding gain. 
